Abstract. In this paper we generalize harmonic maps and morphisms to the degenerate semi-Riemannian category, in the case when the manifolds M and N are stationary and the map φ : M → N is radical-preserving. We characterize geometrically the notion of (generalized) horizontal (weak) conformality and we obtain a characterization for (generalized) harmonic morphisms in terms of (generalized) harmonic maps. MSC 2000: 53B30; 53C43
Introduction and preliminaries
Harmonic morphisms between (non-degenerate semi-)Riemannian manifolds are maps which preserve germs of harmonic functions. They are characterized in [8, 13, 9] as the subclass of harmonic maps which are horizontally weakly conformal. An up-to-date bibliography on this topic is given in [11] ; see also [12] for a list of harmonic morphisms and construction techniques, and [1] for a comprehensive account of the topic.
However, when the manifold (M, g) is degenerate, then it fails, in general, to have a torsion-free, metric-compatible connection; moreover, in this case, the notion of 'trace', with respect to the metric g, does not make any sense, so that it is not possible to define the 'tension field' of a map, or, consequently, the notion of harmonic map, in the usual sense.
Degenerate manifolds arise naturally in the semi-Riemannian category: for example the restriction of a non-degenerate metric to a degenerate submanifold is a degenerate metric and the Killing-Cartan form on a non-semi-simple Lie group is a degenerate metric.
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Such manifolds are playing an increasingly important role in quantum theory and string theory, as the action and field equations of particles and strings often do not depend on the inverse metric and are well-defined even when the metric becomes degenerate (cf. [4] ). For example, an extension of Einstein's gravitational theory which contains degenerate metrics as possible solutions might lead to space-times with no causal structure (cf. [2] ). As a (2-dimensional) degenerate manifold is not globally hyperbolic, it is of interest to study the influence of this degeneracy on the propagation of massless scalar fields (cf. [10] ). A degenerate metric is used to build a 5-dimensional model of the universe, which is a degenerate extension to relativity, and allows us to incorporate electromagnetism in the geometry of space-time and unify it with gravitation (see [19] and its references).
In the mathematical literature, degenerate manifolds have been studied under several names: singular Riemannian spaces ( [15, 28, 26] ), degenerate (pseudo-or semi-Riemannian) manifolds ( [5, 24, 14] ), lightlike manifolds ( [6] ), isotropic spaces ( [20, 21, 22, 23] ), isotropic manifolds ( [27] ).
In this paper we define generalized harmonic maps and morphisms, characterize (generalized) horizontally weakly conformal maps with non-degenerate codomain into three types (Theorem 2.15), and give a Fuglede-Ishihara-type characterization for generalized harmonic morphisms (Theorem 3.5). We refer the reader to [18] for further details.
In this section, we aim to introduce the necessary background on semi-Riemannian geometry which will be used in the rest of the paper. We shall assume that all vector spaces, manifolds etc. have finite dimension.
Algebraic background
Let V be a vector space of dimension m. Definition 1.1. An inner product on V is a symmetric bilinear form , = , V on V . It is said to be non-degenerate (on V ) if w, w = 0 for all w ∈ V implies w = 0, otherwise it is called degenerate.
We shall refer to the pair (V, , ) as an inner product space. Given two subspaces W, W ⊆ V , we shall often write W ⊥ V W to denote that W is orthogonal to W (equivalently W is orthogonal to W ) with respect to the inner product , V , i.e. w, w = 0 for any w ∈ W and w ∈ W .
Let r, p, q ≥ 0 be integers and set ( ) ij := ( r,p,q ) ij equal to the diagonal matrix
Given an inner product , on V , there exists a basis {e i }, with i = 1, . . . , m = dim V , of V such that e i , e i = ( r,p,q ) ij . We call such a basis orthonormal and the triple (r, p, q) is called the signature of the inner product , . Example 1.2. The standard m-Euclidean space R m r,p,q of signature (r, p, q) is R m endowed with the inner product , r,p,q defined by E i , E j r,p,q := ( r,p,q ) ij ; here {E k } m k=1 is the canonical basis E 1 = (1, 0, . . . , 0), . . . , E m = (0, . . . , 0, 1). 
We notice (cf. [17] , p. 49) that N (V ) is a null subspace of V . Moreover, V is non-degenerate if and only if N (V ) = {0}, and V is null if and only if N (V ) = V . Note that, for any subspace W of V ,
The following proposition generalizes two well-known facts of linear algebra (cf. [17] , Chapter 2, Lemma 22).
Proposition 1.4. For any subspace W ⊆ V of an inner product space (V, , ) we have:
on V , 'adapted' to N (V ) and W , in the sense that N (V ) = span(e 1 , . . . , e dim N (V ) ) and W = span(e t+1 , . . . , e t+dim W ); claim (i) follows immediately.
To prove (ii) we note that
From linear algebra (cf. [25] , Theorem 1.9A) we have:
on the other hand, (i) we get:
on combining these and using (1) we obtain
claim (ii) follows.
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A. Pambira: Harmonic Morphisms Between Degenerate Semi-Riemannian Manifolds Let W ⊆ V be a vector subspace of an inner product vector space (V, , V ) and let W ⊥ V be its orthogonal complement in V with respect to , V . Denote by V , W and W ⊥ V the spaces
having noted that, by (1) , N (V ) ⊆ W ⊥ V . Let us also denote by , V the inner product on V defined by 
Proof. Consider the composition
where i : W → V is the inclusion map and π V : V → V is the natural projection. We have
in fact, let w ∈ W and w ∈ W ⊥ V and write θ(w) := w; then we have 0 = w, w V = w, w V .
Next, note that ker θ = N (V ) ∩ W . In fact for any w ∈ W , we have
Hence θ factors to an injective map
We show that this is an isomorphism, by calculating the dimension of the spaces on either side of the equation (3) . On the left-hand side we have
on the right-hand side, applying Proposition 1.4, we get
and, applying once more Proposition 1.4,
so that the map θ is an isomorphism, and the claim follows.
We shall use the proposition above to identify W and (W ⊥ V ) ⊥ V . Thus, any subspace K ⊆ W will sometimes be considered as a subspace of (W ⊥ V ) ⊥ V and vice versa. Such a manifold is also called a Reinhart manifold (cf. [6] , p. 49, for alternative definition). The condition that M be stationary is equivalent to N being a Killing distribution (i.e. all vector fields in N are Killing). Trivially a non-degenerate manifold is stationary.
We introduce the following operator ( [14] , Definition 3.1.1):
We have the following fundamental lemma of degenerate semi-Riemannian geometry:
a Koszul derivative if and only if it is stationary.
For a later use, given an endomorphism σ ∈ Γ(End(T M )) of the tangent bundle T M , we define its Koszul derivative by the Leibniz rule:
It is easy to see that given a Koszul derivative D on M , then
In fact, for any Z ∈ Γ(T M ) we have
We have that:
Proof. Let A, B ∈ Γ(N ) and let D be a Koszul derivative on M . Then, for any V ∈ Γ(T M ):
By the Frobenius Theorem, we obtain a foliation associated to N ; we shall call this the radical foliation of M . Let (M, g) be a stationary semi-Riemannian manifold of (constant) signature (r, p, q), with r ≥ 0. Let E → M be a semi-Riemannian bundle (i.e. a bundle whose fibres are semiEuclidean spaces of (constant) signature (r, p, q)); by E (cf. (2)) we shall denote the quotient bundle
E x being the fibre of E over x ∈ M . In particular, we define the quotient tangent bundle of M by T M := T M/N (T M ); this is endowed with the non-degenerate metric g(X, Y ) :
Denote by π T M : T M → T M and π E : E → E the natural projections. Then there exists a linear bundle map σ ∈ Γ(T * M ⊗ E) such that the following diagram
commutes if and only if σ is radical-preserving. We shall say that a map
Remark 1.13. Clearly a radical-annihilating map is radical-preserving. Furthermore, if N is a non-degenerate manifold, the reverse holds as, for any x ∈ M , we have dφ
We note that a radical-annihilating map need not to have a non-degenerate codomain.
2 and let (N, h) := R 0 be the real line with the null metric; the map φ :
If φ : M → N is radical-preserving, then we can define the (generalized) differential of φ, dφ : T M → T N , to be the map (clearly well-defined)
We note that, if M and N are both non-degenerate, then the map φ : M → N is automatically radical-preserving (in fact, it is radical-annihilating), and the notion of generalized differential dφ agrees with that of (standard) differential dφ. We now state the fundamental theorem of degenerate semi-Riemannian geometry.
, and compatible with the metric g in the sense that ∇ g = 0; in fact ∇ is given by:
where D is any Koszul derivative on (M, g).
Conversely, if there exists such a connection ∇, then (M, g) is stationary.
The connection ∇ is called the Koszul connection on (M, g). If (M, g) is non-degenerate, then ∇ coincides with the usual Levi-Civita connection. Let us set E ≡ T M and let σ ∈ Γ(T * M ⊗ T M ) be radical-preserving. We define the Koszul connection on T * M ⊗ T M by the Leibniz rule
where ∇ is defined as in Theorem 1.14. We note that the connection ∇ is defined for (X, Y ) ∈ T M ⊗ T M , as is the operator ∇σ defined above. It does not, in general, factor to an operator on T M ⊗ T M . However, if σ = dφ, i.e. if σ is the differential of a map φ : M → N , with φ radical-preserving, we have the following fact. Let φ −1 (T N ) → M denote the pull-back of the bundle T N → N , equivalently,
is well-defined, tensorial and symmetric.
Proof. The operator B φ is clearly well-defined with respect to the second argument. In order to prove that is well-defined with respect to the first entry, it will be enough to show that
(Here for brevity we shall denote by ∇ φ both the induced connections on the pull-back bundles T M * ⊗ φ −1 (T N ) and φ −1 (T N ); the context should make clear which of the two we are using). So we have
the last step because of equation (6), and because φ is radical-preserving. Now, by the 'naturality' of the Lie brackets with respect to the map φ (cf. [3] , Theorem 7.9, p. 155), the last expression is zero, and so we have the claim. The symmetry of B φ also follows from the naturality of Lie brackets, as dφ(
The tensoriality is easy to prove.
We shall call the operator B φ the (generalized) second fundamental form of the map φ.
Generalized harmonic maps and morphisms
Let φ : M → N be a (C 1 ) radical-preserving map between stationary manifolds. We shall define the (generalized) divergence div (dφ) of dφ. Let {e i } Note that this notion agrees with the usual notion of harmonicity when the manifolds M and N are both non-degenerate.
If (x 1 , . . . , x m ) and (y 1 , . . . , y n ) are radical coordinates (i.e. coordinates whose tangent vector fields form a radical basis) on M and N , respectively (with rank N (T M ) = r and rank N (T N ) = ρ), then, analogously to the non-degenerate case, the (generalized) tension field of φ can be locally expressed by (cf. [7] )
where φ 
moreover, we define the (generalized) volume form v g on (M, g) by
it is not difficult to prove that the above definitions of e(φ) and v g do not depend on the choice of radical coordinates. Then, it is possible to prove that a map φ : M → N as in Note that the usual definition of harmonic morphism does not make sense for degenerate manifolds since the trace, divergence and Laplacian are not defined when the metric is degenerate. Let φ : M → N be a radical-preserving map between two semi-Riemannian manifolds and dφ x : T x M → T φ(x) N its (generalized) differential at x ∈ M (cf. (7)); then we define the (generalized) adjoint dφ * φ(x) : T φ(x) N → T x M of dφ as the adjoint of dφ x , i.e. the linear map characterized by
We now generalize the notion of horizontal weak conformality.
Definition 2.5. We shall call a radical-preserving map φ : (M, g) → (N, h) between two nonnull semi-Riemannian manifolds M and N (generalized) horizontally (weakly) conformal (or, for brevity, (generalized) HWC) at x ∈ M with square dilation Λ(x) if
g x (dφ * x (V ), dφ * x (W )) = Λ(x) h φ(x) (V , W ), V , W ∈ T φ(x) N .(10)
In particular, if Λ is identically equal to 1, we shall say that φ is a (generalized) Riemannian submersion.
Remark 2.6. If both M and N are non-degenerate, then the above notion of (generalized) horizontal weak conformality coincides with the better-known one of horizontal weak conformality. In the Riemannian case, if φ : M → N is non-constant HWC, them dim M ≥ dim N . However, this is no longer true in our case (or even in the non-degenerate semi-Riemannian case, see [9] ).
Let (M, g) and (N, h) be stationary manifolds of signatures sign g = (r, p, q) and sign h = (0, π, η) (N non-degenerate), respectively, and let φ : M → N be a radical-preserving map (therefore, by Remark 1.13, radical-annihilating, i.e. a map such that N (T x M ) ⊆ ker dφ x for each x ∈ M ). As usual, for any x ∈ M , set V x := ker dφ x and H x := V ⊥ x . We shall also set:
having noticed that, by equation (1), N (T x M ) ⊆ H x . We have the following Lemma 2.7. Let φ : M → N be a radical-preserving map with N non-degenerate. Then, at any x ∈ M , the following identity holds:
Proof. First, we note that the following identity holds:
In fact, let X ∈ ker dφ x , and let Y be a representative of X, i.e. Y ∈ T x M is such that Y = X. Then we have:
Finally we have
the last equality following by Proposition 1.5.
Remark 2.8. We note that the lemma above cannot be improved by letting N be (possibly) degenerate. In fact, in this case, equation (12) would no longer be true, as shown in the following example.
Example 2.9. Consider the manifolds R
(N, h), and let φ : M → N be the identity map. This map is easily seen to be radical-preserving. However, we have ker dφ = {0} span(∂/∂x 2 ) = ker dφ.
We have the following special sort of generalized HWC maps: 
i.e. if and only if H x is null. 
By equation (11), this holds if and only if H x is null.
Example 2.11. We note that the condition (13) does not imply H x ⊆ V x . In fact, taking the map φ : (
, it is not difficult to show that V = span(∂/∂x 2 , ∂/∂x 3 ) and H = span(∂/∂x 1 , ∂/∂x 2 , ∂/∂x 4 ). Hence, {0} = H ⊆ span(∂/∂x 3 ) = V, but H ⊆ V.
We have the following characterization which generalizes a better-known characterization of HWC maps (cf. [1] ). 
Proof. From the characterization (9) of the adjoint map dφ * x , we have
Comparing with equation (10), gives the statement. 
Proof. If H x ⊆ V x and (i) does not hold, then H x = {0}, so that there exists a vector 0 = X ∈ H x and, for such a vector, g(X, V ) = 0 for any V ∈ V x , so that (ii) holds.
If, on the other hand, ker dφ x is degenerate, then since φ is (generalized) HWC, we get Λ(x) = 0; in fact, ker dφ x is degenerate if and only if H x is degenerate if and only if V x ∩ H x = {0}, so that there exists a non-zero
Combining this with the (generalized) HWC condition gives
and, as h is non-degenerate, we must have Λ(x) = 0. Then, from Lemma 2.10, H x ⊆ V x , and this gives the claim.
In the case when the square dilation is non-zero, we have the following characterization: Proposition 2.14. A map φ : (M, g) → (N, h) between a non-null semi-Riemannian manifold M and a non-degenerate manifold N is (generalized) HWC at a point x ∈ M with square dilation Λ(x) = 0 if and only if
Proof. Suppose that φ is (generalized) HWC; then by Lemma 2.7 we have image(dφ * x ) = H x , so that, for any X, Y ∈ H x there exist vectors V and W ∈ T φ(x) N such that
Applying the operator dφ x to both sides of the identities (17), and using equation (14), since Λ(x) = 0 we obtain
on substituting these into the definition of (generalized) HWC, we obtain the statement. The converse is similar.
We thus obtain the following characterization for a (generalized) HWC map:
radical-preserving map between a non-null semiRiemannian manifold (M, g) and a non-degenerate manifold (N, h). Then φ is (generalized) HWC at x ∈ M , with square dilation Λ(x), if and only if precisely one of the following possibilities holds:
Proof. Let x ∈ M and suppose that φ is (generalized) HWC at x. If Λ(x) = 0 then by Lemma 2.10 we have H x ⊆ V x , so by Proposition 2.13, either (i) ker dφ x ≡ T x M (i.e. dφ x = 0, which is case (a)), or (ii) ker dφ x T x M is degenerate, so that case (b) holds. Otherwise Λ(x) = 0, so that by Proposition 2.14 we obtain case (c).
Conversely, if (a) or (b) holds, then clearly φ is (generalized) HWC at x with Λ(x) = 0. If (c) holds then, by Proposition 2.14, φ is (generalized) HWC at x with square dilation Λ(x) = 0.
This result is analogous to the case when both manifolds M and N are non-degenerate (see [1] , Proposition 14.5.4). We note that Theorem 2.15 cannot be improved by letting N be degenerate, as shown in Remark 2.8 and Example 2.9.
We have the following characterization of (generalized) horizontal weak conformality whose proof is similar to its (non-degenerate semi-)Riemannian analogue (cf. 
where ρ + 1 ≤ α, β ≤ n and φ
3. A Fuglede-Ishihara-type characterization of (generalized) harmonic morphisms
Preliminaries
Recall (see [16] ) that (i) a foliation F on a manifold M is said to be simple if its leaves are the (connected) fibres of a smooth submersion defined on M ; (ii) the leaf space of a foliation F is the topological space M/F (whose points are the leaves), equipped with the quotient topology. We note that this space, in general, is not Hausdorff. However, the following holds. Since each point x ∈ M has a neighbourhood W ⊆ M with F| W simple, F is always simple locally. Hence, as all the considerations in this section will be local, by replacing the manifold M by a suitable open subset W if necessary, we shall assume that any foliation F on M is simple. We make the same assumption for N .
We recall (cf. Lemma 1.11) that, if a manifold M is stationary, then its radical distribution N (T M ) is integrable. Let F M be the radical foliation of M (i.e., the foliation whose leaves are tangent to N (T M )); set M := M/F M , the leaf space of N (T M ), and denote by π M : M → M the natural projection; by Proposition 3.1, M is a smooth manifold. Elements of M will be denoted by [x] F M := π M (x), where x ∈ M . Then, any radical-preserving map φ : M → N between stationary manifolds factors to a map φ : M → N in the sense that the following diagram commutes: Proof. The map φ is HWC with square dilation Λ if and only if:
Let V , W ∈ Γ(T N ) be such that:
then, on using substitutions (24), equation (22) and the definition of g M , we see that (23) is equivalent to φ being (generalized) HWC.
On harmonicity of φ
Let (M, g) and (N, h) be two stationary manifolds of dimension m and n respectively, whose radical distributions N (T M ) and N (T N ) have ranks r and ρ respectively. Then the quotient manifolds (M , g M ) and (N , h N ) are (m − r)-and (n − ρ)-dimensional non-degenerate semiRiemannian manifolds, thus they admit uniquely determined Levi-Civita connections ∇ M and ∇ N , respectively. As M and N are non-degenerate, we have the usual notion of tension field τ , for a map φ : M → N :
where ∇ is the connection on the bundle (T M ) * ⊗ (φ) −1 (T N ) induced from ∇ M and ∇ N . Then φ is harmonic if and only if τ (φ) = 0. Endow (M, g) (resp. (N, h)) with (local) radical coordinates (x 1 , . . . , x r , x r+1 , . . . , x m ) (resp. (y 1 , . . . , y ρ , y ρ+1 , . . . , y n )); then M (resp. N ) has the same coordinates as M with the first r (resp. ρ) coordinates omitted. In these coordinates, (25) reads:
where 
Main characterization of (generalized) harmonic morphisms and examples
Now we state the Fuglede-Ishihara-type characterization for (generalized) harmonic morphisms. Now we give few examples of (generalized) harmonic morphisms.
Clearly N (R 
As φ is a function, it is automatically (generalized) HWC, and its square dilation is Λ. Moreover φ is (generalized) harmonic if and only if
i.e. if and only if φ is of the form φ(x 1 , x 2 , x 3 ) = µ(x 2 + x 3 ) + ν(x 2 − x 3 ), where µ, ν ∈ C 2 (R). By Theorem 3.5, φ is a (generalized) harmonic morphism.
We note that along x 2 = x 3 , equations (26) and (27) are trivial and Λ = 0. where , η and j satisfy the following relations: 2 = η = η = j = j = 0, j 2 = η 2 = η, ηj = jη = j.
Given two elements x, y ∈ R Then θ(x, y) so that θ is radical-preserving. The components θ α , α = 2, 3 of θ are easily seen to be (generalized) harmonic, so that θ is (generalized) harmonic.
In order to check the (generalized) horizontal weak conformality, we make use of Lemma 2.16. So, in this case, θ is (generalized) HWC since . Finally, applying Theorem 3.5, we see that θ is a (generalized) harmonic morphism.
